NOTE ON (WEAK) GORENSTEIN GLOBAL DIMENSIONS 
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Abstract. In this note we characterize the (resp., weak) Gorenstein global dimension for 
an arbitrary ring. Also, we extend the well-known Hilbert's syzygy Theorem to the weak 
Gorenstein global dimension and we study the weak Gorenstein homological dimensions 
of direct product of rings, which gives examples of non-coherent rings of finite Gorenstein 
dimensions > and infinite classical weak dimension. 



1. Introduction 

Throughout this paper, R denotes -if not specified otherwise- a non-trivial associative 
ring and all modules are unitary. 

Let R be a ring, and let M be an /^-module. As usual we use pd r(M), id r(M) and fd r(M) 
to denote, respectively, the classical projective dimension, injective dimension and flat di- 
mension of M. We use also gldim (R) and wdim (R) to denote, respectively, the classical 
global and weak dimension of R. 

For a two-sided Noetherian ring R, Auslander and Bridger [2 1 introduced the G-dimension, 
Gdim r(M), for every finitely generated /^-module M. They showed that there is an in- 
equality Gdim r(M) < pd r(M) for all finite /^-modules M, and equality holds if pd r(M) is 
finite. 

Several decades later, Enochs and Jenda J9] [TO) defined the notion of Gorenstein pro- 
jective dimension (G-projective dimension for short), as an extension of G-dimension to 
modules which are not necessarily finitely generated, and the Gorenstein injective dimen- 
sion (G-injective dimension for short) as a dual notion of Gorenstein projective dimen- 
sion. Then, to complete the analogy with the classical homological dimension, Enochs, 
Jenda and Torrecillas [12| introduced the Gorenstein flat dimension. Some references are 

si mm no] hue]. 

Recall that a left (resp., right) /^-module M is called Gorenstein projective if, there exists 
an exact sequence of projective left (resp., right) /^-modules: 

P Pi -> P -> P° -> P l -> ... 

such that M = lm (Pq — > P°) and such that the operator Horn «(-, Q) leaves P exact when- 
ever Q is a left (resp., right) projective /^-module. The resolution P is called a complete 
projective resolution. 

The left and right Gorenstein injective /^-module are defined dually. 

And an /^-module M is called left (resp., right) Gorenstein flat if, there exists an exact 

sequence of flat left (resp., right) /^-modules: 

F : ... -> Fi -> F -» F° -> F l -» ... 
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such that M = lm (Po — > P ) and such that the operator 7(g>« - (resp., - <8>« I) leaves F exact 
whenever 7 is a right (resp., left) injective 7?-module. The resolution F is called complete 
fiat resolution. 

Using the definitions, we immediately get the following characterization of Gorenstein fiat 
modules: 

Lemma 1.1. An R-module M is Gorenstein left ( resp., right) flat if and only if 

(1) Tot' r (I,M) = (resp. Tor ' R (M, I) = 0), for every right (resp., left) injective R- 
module I and all i > 0. 

(2) There exists an exact sequence of left (resp, right) R-modules — * M — > Fq — > 
F\ — > ... where each Fi is flat such that the functor I <g>« - ( resp., — <S>r I) keeps the 
exactness of this sequence whenever I is right injective. 

Remark 1.2. Using the Lemma above and an n-step fiat resolution of left (resp., right) R- 
module M we conclude that if Gfd r(M) < n then Tor^(7, M) = (resp., Tor^(M, 7) = 0) 
for every right (resp., left) injective /^-module I and all i > n. The inverse implication is 
given by Holm ([ 15, Theorem 3.14]) when Gfd r(M) < oo and the ring is left (resp., right) 
coherent. 

The Gorenstein projective, injective and fiat dimensions are defined in term of resolu- 
tion and denoted by Gpd (-), Gid (-) and Gfd (-) respectively (see ll5l fTTl[T5l ). 

In O, the authors prove the equality: 

sup{Gpd R (M) | M is a left R-module} = sup{Gid R (M) | M is a left R-module) 

They called the common value of the above quantities the left Gorenstein global dimension 
of R and denoted it by /.Ggldim(7?). Similarly, they set 

LwGgldim(fi) = sup{Gfd s (M) | M is a left R-module) 

which they called the left weak Gorenstein global dimension of R. Similarly with the right 
modules, we can define the right Gorenstein global and weak dimensions; r.Ggldim(7?) 
and r.wGgldim (R). When R is a commutative ring, we drop the unneeded letters r and /. 
The Gorenstein global dimension measures how far away a ring R is from being quasi- 
Frobenius (i.e; Noetherian and self injective rings) (see [3, Proposition 2.6]). On the other 
hand, from Faith- Walker Theorem [17, Theorem 7.56], a ring is quasi-Frobenius if, and 
only if, every injective right (resp., left) module is projective or equivalently every projec- 
tive right (resp., left) module is injective. Hence, from [3 Proposition 2.6], we have the 
following Corollary: 

Corollary 1.3. The following statements are equivalent: 

(1) /.Ggldim(£) = 0. 

(2) r.Ggldim(fl) = 0. 

(3) Every left ( and right) projective R-module is injective. 

For rings with high Z.Ggldim (-), J3] Lemma 2. 1 ] gives a nice characterization to Z.Ggldim (R) 
for an arbitrary ring R provided the finiteness of this dimension as shown by the next Propo- 
sition: 

Proposition 1.4 (Lemma 2.1, |3)). If I. Ggldim(R) < oo, then the following statements are 
equivalent: 

(1) /.Ggldim (R)<n. 

(2) id r(P) < nfor every left R-module P with finite projective dimension. 
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There is a similar result of Corollary 1 1.3 1 for the weak Gorenstein global dimension as 
shown by the bellow Proposition. Recall that a ring is called right (resp., left) IF ring if 
every right (resp., left) injective module is flat and it is called IF ring if it is both right and 
left IF ring (see please [8]). 

Proposition 1.5. The following statements are equivalent for every ring R: 

(1) /.wGgldim(fl) = 

(2) Every left and every right injective R-module is flat (i.e, IF ring). 

(3) r.wGgldim(fl) = 

Proof. We prove the implications (1 => 2 => 3) and the inverse implications are similar. 
(1 => 2). Suppose that Z.wGgldim (/?) = 0. Let / be right injective /^-module. For an 
arbitrary left /^-module M and all i > we have Tor ^(7, M) = (see Lemma fTTTb . Then, / 
is flat. Moreover, since every left /^-module is Gorenstein flat (since Z.wGgldim (R) = 0), 
every left /^-module can be embedding in a left flat /^-module. In particular, every left 
injective /^-module is contained in a flat module. Then, every left injective /^-module is a 
direct summand of a flat module and so it is flat, as desired. 

(2 => 3). Let M be a right /^-module. Assemble any flat resolution of M with its any 
injective resolution, we get an exact sequence of right flat /^-modules F (since every right 
injective module is flat). Also, since every left injective module I is flat, F ®r / is exact 
and so F is a complete flat resolution. This means that M is Gorenstein flat. Consequently, 
r.wGgldim(fl) = 0. □ 

The aim of this note is to give generalizations of Corollary 1 1.31 and Proposition 1 1.5 1 in 
the way of Proposition ! 1 ,4l for an arbitrary ring with high (weak) Gorenstein global dimen- 
sion (see Theorem 12.1112.41 and 12 . 1 Ot . Also, we extend the well-known Hilbert's syzygy 
Theorem to the weak Gorenstein global dimension and we study the weak Gorenstein ho- 
mological dimension of direct product of ringfl which gives examples of non-coherent 
rings of finite Gorenstein dimensions > and infinite classical weak dimension. 
Throughout the rest of this paper, all modules are-if not specified otherwise- left /^-modules. 
The definitions and notations employed in this paper are based on those introduced by 
Holm in El. 

2. MAIN RESULTS 

Our first main result of this paper is the following Theorem: 

Theorem 2.1. Let R be a ring andn a positive integer. Then, Z.Ggldim(/?) < n if and only 
if R satisfies the following two conditions: 

(CI): id r(P) < nfor every projective (left) R-module. 
(C2): pd < n for every injective (left) R-module. 

Proof. (=>). Suppose that /.Ggldim(R) < n. We claim (CI). Let P be a projective R- 
module. Since Gpd r(M) < n for every /^-module M, we have Ext^(M, P) = for all i > n 
(by lfl5l Theorem 2.20]). Hence, id r(P) < n, as desired. 

Now, we claim (C2). Let / be an injective /^-module. Since /.Ggldim(/?) = sup{Gid«(M) | 
M is a left R-module}, for an arbitrary /^-module M we have Ext^(7, M) = for all i > n 
(by lfT31 Theorem 2.22]). Hence, pd«(7) < n, as desired. 



The extension of the Hilbert's syzygy Theorem and the study the weak Gorenstein homological dimensions 
of direct product of rings to weak Gorenstein dimension was done in (.3) over a coherent rings. There we give a 
generalization to an arbitrary ring. 
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(<=). Suppose that R satisfies (CI) and (C2) and we claim that /.Ggldim(P) < n. Let M be 
an arbitrary R module and consider an n-step projective resolution of M as follows: 

-> G -> P n -> .... -> P, -> M -> 

where all P, are projective. We have to prove that G is Gorenstein projective. First, for 
every projective P-module P and all i > 0, we have Ext ^(G,P) = Ext^ + '(M, P) = 
by condition (CI). So, from [15, Proposition 2.3], it suffices to prove that G admits a 
right co-proper projective resolution (see [15 Definition 1 .5]). Pick a short exact sequence 
— > M — > 7 — > M' — > where I is an injective P-module and for M' consider an n-step 
projective resolution as follows: 

-> G' P'„ .... -* P\ — > M' — > 

We have the following diagram: 





















1 


4 


I 


1 




-> 


G 


p„ 


Pi 


M 


-> 




4 


4 


1 


4 




-> 


Gi 


— > P n ® P' n —> . 


.. -> Pi®p; 


-> / 


^ 




1 


4 


l 


4 




-> 


G' 


-» p;, ^ . 


.. -» p; 


M' 


^ 




1 


1 


1 


4 





















Since pds(7) < n (by (C2)), the module Q\ is clearly projective. On the other hand, we 
have Ext fl (G', P) = Ext£ + '(AT, p) = for every projective module P by (CI). Thus, the 
functor Horn «(— , P) keeps the exactness of the short exact sequence — > G — > Q\ — » 
G' — » 0. By repeating this procedure we obtain a right projective resolution 

o -> g -» g! -» g 2 -» ... 

such that Horn r(— , P) leaves this sequence exact whenever P is projective. Hence, G is 
Gorenstein projective. Consequently, Gpd^(M) < n and so Z.Ggldim(P) < n, as desired. 

□ 

If we denote IfPiR) (resp., r.'P(R)) and l.I(R) (resp., r.I(R)) , respectively, the set of all 
left (resp., right) projective and injective P-modules, we have: 

Z.Ggldim(P) = sup{pd s (/),id s (P)|/eZ.J(P),Pe/.!P(P)}and 

r.Ggldim(P) = sup{pd R (7), id R (P) \ I e r.I(R), P e r.P(R)}. 

There is another way to write the above Theorem: 

Corollary 2.2. Let R be a ring and n be a positive integer. The following statements are 
equivalent: 

(1) Z.Ggldim(P) <n. 

(2) For any R-module M: pd R (M) < n o id R {M) < n. 

Proof. (1 => 2). Let M be an P-module such that pd r(M) < n. For such module, consider 
a projective resolution as follows: 

—> P„ Pi — > Po — > M — > 

From Theorem 12. 11 id «(P,) < n for each i = Q,..,n. Hence, id«(M) < n. Similarly we 
prove that pd R (M) < n for every P-module such that id r(M) < n. 
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(2 => 1). Follows directly from Theorem 12. 1 1 since the conditions CI and C2 are clearly 
satisfied. □ 

Proposition 2.3. Let R be a ring with finite Gorenstein global dimension. Then, (CI) and 
(C2) of Theorem \2.1\ are equivalent and so the following statements are equivalent: 

(1) /.Ggldim(if) <n. 

(2) id R (P) < n for every projective R-module. 

(3) pd R (I) < n for every injective R-module. 

Proof. From Theorem 12. II only the equivalence of (CI) and (C2) need a proof. So, we 
prove (CI => C2) and the other implication is analogous. Let M be an arbitrary left R- 
module. For every projective /^-module P and all i > n, we have Ext ' R (M, P) — (by (CI)). 
Then, from fl3] Theorem 2.20], Gpd s (M) < n. Hence, we have /.Ggldim (R) < n. So, by 
Theorem l2.ll (C2) is satisfied, as desired. □ 

Our second main result of this paper is given by the bellow Theorem. Recall that over a 
ring R, Ding ((8)) defined and investigated two global dimensions as follows: 

r.IFD (R) = sup{fd R (I) 1 1 is a right injective R-module} 
l.WD (R) = supjfd s (7) 1 1 is a left injective R-module} 

For such dimensions, in (8), Ding gave a several characterizations over an arbitrary ring 
and also over a coherent ring. Recall also that a right (resp., left) /^-module M is called FP - 
injective (or absolutely pure) if Ext R (N, M) = (or equivalently Ext l JN, M) - for all i > 
0) for every finitely presented right (resp. left) /^-module N. The FP -injective dimension 
of right (resp., left) M, denoted FP - id r(M), is defined to be the lest nonnegative integer 
n such that Ext^ +I (A^, M) = for every finitely presented right (resp., left) R-module (see 
EED). 

Theorem 2.4. Let R be a ring and n a positive integer. The following conditions are 
equivalent: 

(1) sup{/.wGgldim(/?),r.wGgldim(/?)} < n. 

(2) Gfd r(R/I) < nfor every left and every right ideal I. 

(3) fd r(E) < n for every left and every right injective R-module E. 

Consequently: 

sup{/.wGgldim (R), r.wGgldim (R)) = supffd R (l) | / € l.I(R) U r.I(R)} 

= sup{/.IFD (R), r.IFD (R)} 

Proof. (1 => 2). Obvious by definition of the left and right weak Gorenstein global dimen- 
sion. 

(2 => 3). Let £ be a left injective /^-module. Since Gfd r(R/I) < n for every right ideal / 
and from Remark [TTZl we get Toi' R (R/I,E) = for all i > n. Hence, from IfTSl Lemma 
9. 18], fd r(E) < n. Similarly we prove that fd r(E) < n for every right injective R-module. 
(3 => 1). Let M be an arbitrary left /^-module and consider an n-step projective resolution 
of M as follows: 

-» G -» P„ -» .... Pi -> M -» 

where all f, are left projective. We have to prove that G is a Gorenstein flat /^-module. 
First, for every right injective /^-module E we have Toi' R (E, G) - Tor^ + '(£, M) - for all 
i > since fd r(E) < n (by hypothesis). 
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Now, Pick a short exact sequence of left P-modules — > M — > E\ —> M' — > where Pi is 
an injective P-module, and for M' consider an n-step projective resolution as follows: 

-> G' -> P'„ -> .... P\ M' -> 

We have the following diagram: 
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Since fdfi(£'i) < n, the module Pi is clearly left flat. On the other hand, we have Tor^i^G') 
Tor^ +1 (£, M') = for every right injective P-moduleP (since fdfi(£') < n). Thus, the func- 
tor E ®r - keeps the exactness of the short exact sequence — > G — > Pi — » G' — > 0. By 
repeating this procedure we obtain a fiat resolution of G as follows: 

— > G — > Pi —* P2 — » ... 

such that E ®r - leaves this sequence exact whenever E is right injective. Hence, from 
Lemma fm G is left Gorenstein fiat. Then, Gfd r(M) < n. Consequently, Z.wGgldim (R) < 
n, as desired. 

Similarly, we prove that r.wGgldim (R) < n. □ 

It is true that /.wGgldim(P) < n implies that fd«(P) < n for every right injective P- 
module (by Remark [TTZl l. But the inverse implication is not true in the general case as 
shown in the next Example. Thus explicates the form of Theorem l2.4l 



Example 2.5. Let R be a left and right coherent ring R which is right IF but not left IF (see 
Example 2]). Then, LwGgldim(P) = r.wGgldim (P) = oo. 

Proof. If Z.wGgldim (P) < oo, then using [ 15, Theorem 3. 14] and since every right injective 
P-module is flat (since P is right IF ring), we have Gfd R (M) = for every left P-module 
M and so /.wGgldim(P) = 0. So from Proposition 11.51 every left injective module is 
flat. But, this contradicts the fact that P is not left IF. Now, if r.wGgldim (P) — n < oo. 
Then, fd «(£) < n for every left injective P-module E. On the other hand, fd «(£') = 
< n for every right injective P-module E' since P is right IF. Then, from Theorem 12. 41 
sup{Z.wGgldim(P), r.wGgldim (P)} < n. Absurd, since Z.wGgldim (P) = oo. □ 

Over a right coherent ring, the characterization of Z.wGgldim (P) is more simple as 
shown in the next Proposition: 

Proposition 2.6. Let R be a right coherent ring. Then, 

Z.wGgldim (P) = supfZ.IFD (P), r.IFD (P)} 

Proof. From Theorem l2.4f 3 => 1), only the inequality (>) need a proof. So, assume that 
Z.wGgldim (P) < n < oo. Clearly Z.wGgldim (P) > r.IFD (P) since fd«(7) < n for every 
right injective module / (by Remark [L2] ). So, we have to prove this fact for Z.IFD (P). Let 
E be a left injective P-module . Since Z.wGgldim (P) < n, we have Gfdfi(P) < n. Then, 
from lfl5l Lemma 3.17], there exists a short exact sequence 0— >> K — >G-^P— >0 where 
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G is left Gorenstein flat and fd r(K) < n - 1 (if n — 0, this should be interpreted as K — 0). 
Pick a short exact sequence 0— >G— »F— »G'— >0 where F is left flat and G' is left 
Gorenstein fiat. Hence, consider the following pushout diagram: 



4 4 

K = K 

4 4 

G -> F -> G' -» 

4 4 II 
£ -> D -> G' — > 

4 4 


Clearly, fd^(D) < n and £ is containing in D. So, it is a direct summand of D since it is 
injective. Therefore, fd«(£') < n. Consequently, /.wGgldim (R) > I.IFD{R), as desired. 

□ 

Similarly, we have: 
Proposition 2.7. Let R be a left coherent ring. Then, 

r.wGgldim (£) = sup{Z.IFD (R), r.IFD (R)} 

Corollary 2.8. Let R be a ring. The following statements hold: 

(1) IfR is right coherent, then r.wGgldim (R) < Z.wGgldim (R). 

(2) IfR is left coherent, then /.wGgldim (R) < r.wGgldim (R). 
Consequently, ifR is two-sided coherent, r.wGgldim (R) = /.wGgldim (R) 

Proof. We suggest to prove (1) and the proof of (2) will be similar. If R is right coherent, 
we have: 

/.wGgldim (R) = sup{Z.IFD (R), r.IFD (R)} (from Proposition 

= sup{r. wGgldim (/?), I. wGgldim (R)} (from Theorem |2~4] |. 
So, we obtain the desired result. □ 

Remark 2.9. Using Theorem |2.4| Propositions |2.7| Proposition |2.6| and Corollary 12. 81 we 
can find many other characterizations of /.wGgldim (R) and r.wGgldim (r) by using the 
characterizations of the Z.IFD (R) and r.IFD (R). For example we use, (8] Theorems 3.5 and 
3.8, Proposition 3.17, Corollary 3.18 ]. 

A commutative version of Theorem l2.4l is as follows. 

Theorem 2.10. Let R be a commutative ring and n be a positive integer. The following 
conditions are equivalent: 

(1) wGgldim (R) < n 

(2) Gfd r(R/I) < nfor every ideal I. 

(3) fd r(E) < nfor every injective R-module E. 
Consequently, wGgldim (R) = IFD (R). 

Proposition 2.11 (Theorems 3.5, 3.8 and 3.21, [8 1). For any commutative ring the follow- 
ing conditions are equivalent: 

(1) wGgldim (R)(= IFD (R)) < n. 

(2) fd r(M) < n for every FP -injective module M. 



-> 
-> 
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(3) fd R (M) < nfor every R-module M with FP -id R (M) < oo. 

(4) id n(Hom r(A, B)) < nfor every FP -injective module A and for every injective 
module B. 

(5) fd s(Hom R (F , B)) < nfor every flat modules F and all injective module B. 
Moreover, if R is coherent, wGgldim(R) = FP - id r(R). 

In , J4l Theorem 2.1 1 and 3.5] the authors prove that: 

Rl: If {Ri)" =l is a family of coherent commutative rings then: 

n 

wGgldim (]"[/?,) = sw/?{wGgldim (!?,•); 1 < i < «}. 

i=l 

R2: If the polynomial ring R[x] in one indeterminate x over a commutative ring R is 
coherent, then: wGgldim(/?[x]) = wGgldim(7?) + 1. 
In the next Theorems we see that the coherence condition is not necessary in Rl and 
R2. 

Theorem 2.12. For every family of commutative rings {Ri}" =l we have: 

n 

wGgldim(]~~[fl,) = sup{wGgldim(Ri), 1 < i < n\. 
i=i 

Proof. By induction on n it suffices to prove this result for n — 2. 

Assume that wGgldim(/?i x R2) < k. Let M, be an /?,-module for i = 1,2. Since 
each Rj is projective R\ x /?2-module, by |[T5l Proposition 3.10] we have Gfds (M,) < 
Gfd RixR^SMi x M2) < k. This follows that wGgldim (Rj) < k for each i — 1,2. 
Conversely, suppose that supfwGgldim (/?,), 1 = 1,2} < k. Let / be an arbitrary injec- 
tive Ri x ^2-module. We can see that / s Hom RlXRl (Ri x R2J) = Hom RlXR ,(R u l) x 
Horn R]XR ^{Ri, I) and that = Horn RlXR ^{Ri, I) is an injective /?,-module for each i = 1,2. 
Since wGgldim(R,) < k for each i, we get that fd «,(/,) < k (by Theorem 12.1 Ok Using H 
Lemma 3.7], we have fd s , X R 2 (/i x h) = sup{fd Si (7i)> 1 < i < 2} < k. Consequently, by 
Theorem l2.10l wGgldim(/?i x R2) < k. This completes the proof. □ 

Theorem 2.13. Let R [x] be the polynomial ring in one indeterminate x over a commutative 
ringR. Then: wGgldim(fl[x]) = wGgldim(tf) + 1. 

To prove this Theorem we need the following Lemmas. Note that M + denote the char- 
acter Horn Z (M, Q/Z) of M. 

Lemma 2.14. flj] Theorem 2.1] Let R be any ring and M an R-module. Then, fd R (M) — 
id R (M + ). 

Lemma 2.15. I1 161 Theorem 202] Let R be any ring (not necessarily commutative). Let x 
be a central non-zero-divisor in R, and write R* — R/(x). Let A be a non-zero R* -module 
with id r*(A) - n < 00. Then id R (A) = n + 1. 

Proof. First, we will prove that wGgldim(7?) < wGgldim(7?[;c]). Let / be an arbitrary 
injective /^-module. Clearly, the /?LY]-module Horn R (R[x], I) is injective. Hence, from 
Theorem ITTOl fd R[x] (Uom R (R[x], I)) < wGgldim(fl[jt]). On the other hand, from |[T4l 
Theorem 1.3.12], fd R (Hom s (fl[jt], /)) < fd R[x] (Uom R (R[x], I)). And it is clear that / = 
Hom R (R,I) is a direct summand of Horn «(/?[*], /). Hence, fd R (I) < wGgldim (/?[*]). 
Then, 

wGgldim(7?) = sup{fd(7) 1 1 injective R-module} < wGgldim (/?[.*:]). 
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Secondly, we will prove that wGgldim(7?[x]) < wGgldim(7?) + 1. We may assume that 
wGgldim(R) = n < oo. Otherwise, the result is obvious. Let / be an arbitrary injective 
R [x] -module. From [14, Theorem 1.3.16], fdR[ X ](/) < fds(/) + 1. But / is also an injec- 
tive /^-module since R[x] is a free (then flat) /^-module. Then, fdfi[ X ](7) < fdft(7) + 1 < 
wGgldim (R) + I. Hence, 

wGgldim (/?[*]) = sup{fd(7) 1 1 injective R[x]-module} < wGgldim(/f) + 1. 

Finally, we have to prove that wGgldim(R[x]) > wGgldim(7?) + 1. From the first part of 
this proof, we may assume that wGgldim(7?) = n < oo. Otherwise, the result is obvious. 
Let I be an injective /^-module such that fd«(/) = n (there exists since Theorem 12.101 1. 
Then, from Lemma 12.141 id r(/ + ) = n < oo. Therefore, by Lemma l2.15l id r[ X ](I + ) = n + 1. 
Again by Lemma l2.14l fd r[ X ](I) = n+ 1. On the other hand, by Lemma l2.15l id r[ X ](T) = 1. 
Pick an injective resolution of / over R[x] as follows: — > I — > Iq — * I\ — > where Iq and 
/i are injective /?[x]-modules. Then, n + 1 = fdR[ X ](I) < sup{fd«[ V ](/o), fdR[ X ](/i) — 1} < 
wGgldim(7?[^]). Therefore, wGgldim(/?) + 1 < wGgldim(R[;t:]), as desired. This finish 
our proof. □ 

Remark 2.16. Let M be an /^-module. Using the definition of the character M + = 
Homz(M, Q/Z), we see that the modulation of M + over R[x] is the same: 

(1) When we consider M as an /^-module and then we consider M + as an R[x] -module. 

(2) And when we consider M as an R[x] -module (by set xM = 0) from the beginning. 

Now we are able to give a class of non-coherent rings R„ with infinite weak global 
dimensions such that wGldim{R„) = n. 

Example 2.17. Consider R := K[X]/(X 2 ) the local Noetherian non semi-simple quasi- 
Frobenius ring and let S be a non-coherent commutative ring with wdim (R) = 1 . Set, 
To = R and T„ = R[Xi,X2, ■■■,X„] the polynomial ring overi?. Then, 

(1) wdim(r„ xS) = oo, 

(2) wGgldim(r„ x S) = n, and 

(3) T n x S is not coherent. 

Proof. (1) Follows from the fact that wdim (R) = oo. 

(2) Clearly, since R is Noetherian and from ||4] theorem 3.5], |3] Corollary 1.2 and Propo- 
sition 2.6] and [11, Theorem 12.3.1] we have wGgldim(r„) = Ggldim(7'„) = n and 
wGgldim(S) = wdim (R) = 1. Hence, by Theorem 12.121 wGgldim(r„ x S) = n, as 
desired. 

(3) Clear since S is non-coherent and this completes the proof. □ 
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